
A Primer for
Unit Root Testing

Kerry Patterson

palgrave
macmillan



Detailed Contents

List of Tables xvii

List of Figures xviii

Symbols and Abbreviations xx

Preface xxii

1 An Introduction to Probability and Random Variables 1
Introduction 1
1.1 Random variables 2
1.2 The probability space: Sample space, field, probability

measure (Cl, F, P) 3
1.2.1 Preliminary notation 3
1.2.2 The sample space fi 4
1.2.3 Field (algebra, event space), F: Introduction 6

1.2.3.i n is a countable finite sample space 7
1.2.3.H H is a countably infinite sample space;

o--field or o--algebra 8
1.2.3.iii fl is an uncountably infinite sample space 9

1.2.3.iii.a Borel sets; Borel cr-field of 9? 10
1.2.3.iii.b Derived probability measure

and Borel measurable function 11
1.2.4 The distribution function and the density

function, cdf and pdf 11
1.2.4.i The distribution function 11
1.2.4.H The density function 12

Example 1.1: Uniform distribution 13
Example 1.2: Normal distribution 14

1.3 Random vector case 15
Example 1.3: Extension of the uniform
distribution to two variables 16

1.4 Stochastic process 17
1.5 Expectation, variance, covariance and correlation 19

1.5.1 Expectation and variance of a random variable 20
l.S.l.i Discrete random variables 20
1.5.1.H Continuous random variables 21



x Contents

1.5.2 Covariance and correlation between variables 21
1.5.2.i Discrete random variables 22
1.5.2.U Continuous random variables 22

Example 1.4: Bernoulli trials 22
1.6 Functions of random variables 23

1.6.1 Linear functions 23
Example 1.5: Variance of the sum of two
random variables 25

1.6.2 Nonlinear functions 25
1.7 Conditioning, independence and dependence 27

1.7.1 Discrete random variables 27
Example 1.6: The coin-tossing
experiment with n = 2 29
Example 1.7: A partial sum process 31

1.7.2 Continuous random variables 31
1.7.2.i Conditioning on an event A * a 32

Example 1.8: The uniform joint
distribution 33

1.7.2.H Conditioning on a singleton 34
1.7.3 Independence in the case of multivariate

normality 36
1.8 Some useful results on conditional expectations:

Law of iterated expectations and'taking out
what is known' 37

1.9 Stationarity and some of its implications 38
1.9.1 What is stationarity? 39
1.9.2 A strictly stationary process 40
1.9.3 Weak or second order stationarity

(covariance stationarity) 41
Example 1.9: The partial sum process
continued (from Example 1.7) 42

1.10 Concluding remarks 42
Questions 43

2 Time Series Concepts 45
Introduction 45
2.1 The lag operator L and some of its uses 46

2.1.1 Definition of lag operator L 46
2.1.2 The lag polynomial 46
2.1.3 Roots of the lag polynomial 47



Contents xi

Example 2.1: Roots of a second order
lag polynomial 48

2.2 The ARMA model 48
2.2.1 The ARMA(p, q) model using lag

operator notation 48
Example 2.2: ARMA(1, 1) model 49

2.2.2 Causality and invertibility in ARMA models 50
2.2.3 A measure of persistence 52

Example 2.3: ARMA(1, 1) model
(continued) 54

2.2.4 The ARIMA model 54
2.3 Autocovariances and autocorrelations 55

2.3.1 k-th order autocovariances and autocorrelations 55
2.3.2 The long-run variance 57
2.3.3 Example 2.4: AR(1) model (extended example) 58
2.3.4 Sample autocovariance and autocorrelation

functions 61
2.4 Testing for (linear) dependence 61

2.4.1 The Box-Pierce and Ljung-Box statistics 62
2.4.2 Information criteria (IC) 63

2.5 The autocovariance generating function, ACGF 64
Example 2.5: MA(1) model 65
Example 2.6: MA(2) model 65
Example 2.7: AR(1) model 66

2.6 Estimating the long-run variance 66
2.6.1 A semi-parametric method 66
2.6.2 An estimator of the long-run variance based on

an ARMA(p, q) model 68
2.7 Illustrations 70

Example 2.8: Simulation of some
ARMA models 70
Example 2.9: An ARMA model for
US wheat data 72

2.8 Concluding remarks 77
Questions 78

Dependence and Related Concepts 85
3.1 Temporal dependence 85

3.1.1 Weak dependence 86
-3.1.2 Strong mixing 86



xii Contents

3.2 Asymptotic weak stationarity 88
Example 3.1: AR(1) model 88

3.3 Ensemble averaging and ergodicity 89
3.4 Some results for ARMA models 91
3.5 Some important processes 91

3.5.1 A Martingale 92
Example 3.2: Partial sum process
with -1/+1 inputs 93
Example 3.3: A psp with martingale
inputs 94

3.5.2 Markov process 94
3.5.3 A Poisson process 95

Example 3.4: Poisson process, arrivals
at a supermarket checkout 98

3.6 Concluding remarks 101
Questions 101

4 Concepts of Convergence 105
Introduction 105
4.1 Nonstochastic sequences 106

• Example 4.1: Some sequences 107
Example 4.2: Some sequences of
partial sums 107

4.2 Stochastic sequences 108
4.2.1 Convergence in distribution

(weak convergence): =>D 108
Example 4.3: Convergence to the
Poisson distribution 109

4.2.2 Continuous mapping theorem, CMT 110
4.2.3 Central limit theorem (CLT) 110

Example 4.4: Simulation example of CLT 111
4.2.4 Convergence in probability: —>p 113

Example 4.5: Two independent
random variables 114

4.2.5 Convergence in probability to a constant 114
4.2.6 Slutsky's theorem 114
4.2.7 Weak law of large numbers (WLLN) 115
4.2.8 Sure convergence 115
4.2.9 Almost sure convergence, ->a5 116

Example 4.6: Almost sure convergence 116
4.2.10Strong law of large numbers (SLLN) 117



Contents xiii

4.2.11 Convergence in mean square and convergence
in r-th mean: ->r. 117

4.2.12Summary of convergence implications 118
4.3 Order of Convergence 118

4.3.1 Nonstochastic sequences: 'big-O' notation,
iittle-o' notation 118

4.3.2 Stochastic sequences: Op(n
8) and op(n

8) 120
4.3.2.i At most of order ns in probability: Cyn8) 121
4.3.2.ii Of smaller order in probability

than n6: Optn8) 121
Example 4.7: Op(Vn~) 122

4.3.3 Some algebra of the order concepts 122
4.4 Convergence of stochastic processes 124
4.5 Concluding remarks and further reading 126
Questions 127

An Introduction to Random Walks 129
5.1 Simple random walks 130

5.1.1 'Walking' 130
5.1.2 'Gambling' 130

5.2 Simulations to illustrate the path of a random walk 132
5.3 Some random walk probabilities 135
5.4 Variations: Nonsymmetric random walks,

drift and other distributions 139
5.4.1 Nonsymmetric random walks 139
5.4.2 Drift 140
5.4.3 Other options and other distributions 141

5.4.3.i A no-change option 141
5.4.3.ii A random walk comprising

Gaussian inputs 142
5.5 The variance 144
5.6 Changes of sign on a random walk path 145

5.6.1 Binomial inputs 146
5.6.2 Gaussian inputs 149

5.7 A unit root 150
5.8 Economic examples 151

5.8.1 A bilateral exchange rate, UK:US 151
5.8.2 The gold-silver price ratio 153

5.9 Concluding remarks and references 155
Questions 157



xiv Contents

6 Brownian Motion: Basic Concepts 160
Introduction 160
6.1 Definition of Brownian motion 161
6.2 Brownian motion as the limit of a random walk 162

6.2.1 Generating sample paths of BM 162
6.3 The function spaces: C[0, 1] and D[0, 1] 165
6.4 Some properties of BM 168
6.5 Brownian bridges 171
6.6 Functional: Function of a function 172

6.6.1 Functional central limit theorem, FCLT
(invariance principle) 172

6.6.2 Continuous mapping theorem (applied to
functional spaces), CMT 173

6.6.3 Discussion of conditions for the FCLT to hold
and extensions 173

6.7 Concluding remarks and references 177
Questions 177

7 Brownian Motion: Differentiation and Integration 181
Introduction 181
7.1 Nonstochastic processes 181

7.1.1 Reimann integral 182
Example 7.1: Revision of some simple
Reimann indefinite and definite
integrals 183

7.1.2 Reimann-Stieltjes integral 183
7.2 Integration for stochastic processes 185
7.3 ltd formula and corrections 187

7.3.1 Simple case 187
Example 7.2: Polynomial functions
of BM (quadratic and cubic) 188

7.3.2 Extension of the simple Ito formula 189
Example 7.3: Application of the
Ito formula 190
Example 7.4: Application of the
Ito formula to the exponential
martingale 190

7.3.3 The Ito formula for a general Ito process 191
7.4 Ornstein-Uhlenbeck process (additive noise) 191
7.5 Geometric Brownian motion (multiplicative noise) 193
7.6 Demeaning and detrending 194



Contents xv

7.6.1 Demeaning and the Brownian bridge 194
7.6.2 Linear detrending and the second level

Brownian bridge 196
7.7 Summary and simulation example 197

7.7.1 Tabular summary 197
7.7.2 Numerical simulation example 197

Example 7.5: Simulating a functional
of Brownian motion 197

7.8 Concluding remarks 198
Questions 200

Some Examples of Unit Root Tests 205
Introduction 205
8.1 The testing framework 206

8.1.1 The DGP and the maintained regression 206
8.1.2 DF unit root test statistics 207
8.1.3 Simulation of limiting distributions

of 8 and T 210
8.2 The presence of deterministic components

under HA 213
8.2.1 Reversion to a constant or linear trend

under the alternative hypothesis 213
8.2.2 Drift and invariance: The choice of test

statistic and maintained regression 218
8.3 Serial correlation 220

8.3.1 The ADF representation 221
8.3.2 Limiting null distributions of the test statistics 223

Example 8.1: Deriving an ADF(l)
regression model from the basic
components 225
Example 8.2: Deriving an ADF(°°)
regression model from the basic
components 226

8.3.3 Limiting distributions: Extensions
and comments 229

8.4 Efficient detrending in constructing unit root
test statistics 229
8.4.1 Efficient detrending 230
8.4.2 Limiting distributions of test statistics 233
8.4.3 Choice of c and critical values 235
8.4.4 Power of ERS-type tests 236



xvi Contents

8.4.5 Empirical example: US industrial production 238
8.5 A unit root test based on mean reversion 241

8.5.1 No drift in the random walk 242
8.5.2 Drifted random walk 244
8.5.3 Serial dependence 245
8.5.4 Example: Gold-silver prices 247

8.6 Concluding remarks 250
Questions 252
Appendix: Response functions for DF tests T and 8 254

Glossary 258

References 262

Author Index 271

Subject Index 274


