
Series on Mathematical Economics and Game Theory

Vol. 5

FIXED POINTS AND
ECONOMIC EQUILIBRIA

Ken Uroi
Osaka University, Japan

World Scientific

NEW JERSEY • LONDON • SINGAPORE • BEIJING • SHANGHAI • HONGKONG • TAIPEI • CHENNAI



Contents

Preface vii

1 Introduction 1

1.1 Mathematics is Language 1
1.2 Notes on Some Mathematical Tools

in This Book 2
1.3 Basic Mathematical Concepts and Definitions 12

2 Fixed-Point Theorems 27

2.1 Classical Results and Basic Extensions 27
2.2 Convexity and Duality for General Spaces 39
2.3 Extension of Classical Results to General Spaces 46

3 Nash Equilibrium and Abstract Economy 57

3.1 Multi-Agent Product Settings for Games 57
3.2 Nash Equilibrium 67
3.3 Abstract Economy 75

4 Gale-Nikaido-Debreu's Theorem 87

4.1 Gale-Nikaido-Debreu's Theorem 87
4.2 Market Equilibria in General Vector Spaces 91
4.3 Demand-Supply Coincidence in General Spaces 99



xvi • Fixed Points and Economic Equilibria

5 General Economic Equilibrium 101

5.1 General Preferences and Basic Existence Theorems . . . 101
5.2 Pareto Optimal Allocations 109
5.3 Existence of General Equilibrium I l l

6 The Cech Type Homology Theory and Fixed Points 125

6.1 Basic Concepts in Algebraic Topology .125
6.2 Vietoris-Begle Mapping and Local Connectedness . . . . 142
6.3 Nikaido's Analogue of Sperner's Lemma 150
6.4 Eilenberg-Montgomery's Theorem 164

7 Convex Structure and Fixed-Point Index 167

7.1 Lefschetz's Fixed-Point Theorem and
Its Extensions ,./' 167

7.2 Cohomology Theory for General Spaces 175
7.3 Dual-System Structure and Differentiability . . . . . . . 177
7.4 Linear Approximation for Isolated Fixed Points 177
7.5 Indices for Compact Set of Fixed Points 180

8 Applications to Related Topics 183

8.1 KKM, KKMS, and Core Existence 183
8.2 Eaves'' Theorem 187
8.3 Fan-Browder's Coincidence Theorem 189
8.4 L-rnajorized Mappings 190
8.5 Variational Inequality Problem 191
8.6 Equilibrium with Cooperative Concepts 192
8.7 System of Inequalities and Affine Transformations . . . . 195

9 Mathematics and Social Science 201

9.1 Basic Concepts in Axiomatic Set Theory 201
9.2 Individuals and Rationality 218
9.3 Society and Values 232

10 Concluding Discussions 243

10.1 Fixed Points and Economic Equilibria 243
10.2 Rationality and Fixed-Point Views of the World 250



Contents xvii

Mathematical Appendix I 257

Mathematical Appendix II 263

Mathematical Appendix III 273

References 277

Index 285


