o F I

Second Edition

The Asymptotic Theory
of Extreme Ord’er Statistics

JANOS GALAMBOS

Temple University
Philadelphia, Pennsylvania

ROBERT E. KRIEGER PUBLISHING COMPANY
MALABAR, FLORIDA
1987 -



Contents

Notations and conventions

INTRODUCTION: ESTIMATES IN THE UNIVARIATE CASE

1.1

1.2
1.3

14
1.5
1.6

1.7
1.8

Problems leading to extreme values of random
variables

The mathematical model

Preliminaries for the independent and identically
distributed case

Bounds on the distribution of extremes

Hlustrations

Special properties of the exponential distribution in
the light of extremes

Survey of the literature

Exercises
£

WEAK CONVERGENCE FOR INDEPENDENT AND IDENTICALLY
DISTRIBUTED VARIABLES

2.1
22
23
24
25

2.6
27

Limit distributions for maxima and minima:
sufficient conditions

Other possibilities for the normalizing constants in
Theorems 2.1.1-2.1.6

The asymptotic distribution of the maximum and

" minimum for some special distributions

Necessary conditions for weak convergence
The proof of part (iii) of Theorem 2.4.3
Hlustrations B

Further results on domains of attraction

X1

Xv

16
26

31
43
45

51

53

59

67
74
87
96
101



xii

CONTENTS

2.8 Weak convergence for the kth extremes
2.9 The range and midrange’

2.10 Speed of convergence

2.11 Survey of the literature

2.12 Exercises

WEAK CONVERGENCE OF EXTREMES IN THE GENERAL CASE

3.1. A new look at failure models

3.2 The special role of exchangeable variables

3.3 Preparations for limit theorems

3.4 A limit theorem for mixtures

3.5 A theoretical model

3.6 Segments of infinite sequences of exchangeable
variables

3.7 Stationary sequences

3.8 Stationary Gaussian sequences

3.9 Limiting forms of the inequalities of Section 1.4

3.10 Minimum and maximum of independent variables -

3.11 The asymptotic distribution of the kth extremes

3.12 Some applied models

3.12.1. [Exact models via characterization
theorems

3.12.2. Exact distributions via asymptotic theory
(strength of materials)

3.12.3. Strength of bundles of threads

3.12.4. Approximation by i.i.d. variables

3.1255 Time to first failure of a piece of equipment

’ with a large number of components

3.13 Survey of the literature
3.14 Exercises

DEGENERATE LIMIT LAWS; ALMOST SURE RESULTS

4.1 Degenerate limit laws

4.2 Borel-Cantelli lemmas

43 Almost sure asymptotic properties of extremes of
i.1.d. vanables

44 Limsup and liminf of normalized extremes

45 The role of extremes in the theory of sums of
random variables

125
128
134
149
155

160

160
163
170
173
179

184
192
199
210
216
220
224

224

225
227
228
231

233
238

243

243
248

251
263

270



5.

CONTENTS

4.6 Survey of the literature
4.7 Exercises

- MULTIVARIATE EXTREME VALUE DISTRIBUTIONS

5.1 Basic properties of multivariate distributions
5.2 Weak convergence of extremes for iid. random

vectors: basic results
5.3 Further criteria for the i.i.d. case
5.4 On the properties of H (x)
5.5 Concomitants of order statistics
5.6 Survey of the literature
5.7  Exercises

MISCELLANEOUS RESULTS

6.1 The maximum queue length in a stable queue

6.2 Extremes with random sample size
6.3 Record times

6.4 Records

6.5 Extremal processes

6.6 Survey of the literature

6.7 Exercises ,

APPENDIXES

I. SOME BASIC FORMULAS FOR PROBABILITIES AND

EXPECTATIONS

II. THEOREMS FROM FUNCTIONAL ANALYSIS

III. SLOWLY VARYING FUNCTIONS

REFERENCES

INDEX

Xiii
279
282

286
287

290
296
302
314
318
322

328

328
330
338
347
352
356
360

362
370

377

379

411



