
Theory of Thin
Elastic Shells

M. Dikmen
Technical University of Istanbul

Technische Kochschuis Darmstadt
Fachbereich Mechanik

Bibliothe
,^.M, BM 1

Pitman Advanced Publishing Program
BOSTON • LONDON • MELBOURNE



Contents

Preface xi
Introduction 1

1.1. The notion of shell 1
1.2. Description of a shell and concept of thin shell 1
1.3. Purpose and scope of 'shell theory' 3

2 Differential geometry on and near the reference surface 5

2.1. Inner geometry of a surface 5
2.2. Outer geometry of a surface 14
2.3. Special lines on a surface 18
2.4. The e-system in two dimensions 23
2.5. A summary of tensor analysis in three-dimensional Euclidean

space 23
2.6. Differential geometry near the reference surface. Shell

space 25
2.7. Integral transformation theorems 30

3 Kinematics of the shell 32

3.1. Positions of points 32
3.2. Base vectors in the shell space. Impenetrability

condition 35
3.3. Components of the vectors d and of their derivatives in the

local trihedron {a1; a2, a3} 36.
3.4. Strain measures 37
3.5. Simplifications in some formulae 38
3.6. Linearization of kinematics 41
3.7. Approximations for further simplification of kinematics 45
3.8. Alternative formulations 48
3.9. The compatibility conditions 48



vi Contents

4 The general balance equations 53

4.1. Conservation of mass 53
4.2. The equations of motion 55
4.3. Conservation of energy 63
4.4. Further comments on the quantities N", M0 ,̂ and m 69

N N

4.5. The method of expanding stress components 73

5 Constitutive equations for elastic shells 78

5.1. The constitutive law for three-dimensional
hyperelastic bodies 78

5.2. Some preliminary relations 80
5.3. General constitutive equations for hyperelastic shells 81
5.4. Linear constitutive equations 82

6 Variational theory 84

6.1. Kinematic preliminaries 85
6.2. Kinematic approximation 87
6.3. Equations of motion and boundary conditions 88

7 Membrane theory 96

7.1. The nature of the simplification 96
7.2. Linear theory of the statics of elastic membranes 99
7.3. The differential equations of deformation in the linear

theory 100
7.4. The flexion tensor 102
7.5. Consequences of the analogy 104
7.6. A theorem of work 107
7.7. Explicit form of a linear constitutive equation 108
7.8. Solving functions 111
7.9. The membrane equations in physical components 114
7.10. Membrane equations in Cartesian coordinates 115
7.11. Aifine membranes 118
7.12.A Differential equations of the Cauchy-Riemann type in the

theory of membranes 119
7.13. Generalized Cauchy-Riemann equations in the theory of

membranes 124
7.14. Digression on Wirtinger formalism 127
7.15. Complex variables in the linear membrane theory 129
7.16. Boundary conditions 132
7.17. A non-linear theory of first order 134
7.18. Bibliographical note 135



Contents vii

8 Bending theories 136

8.1. Reduced set of equations of motion obtained from the
general balance equations 137

8.2. Linearized equations of motion 139
8.3. General remarks on constitutive equations of linear bending

theories 140
8.4. Constitutive equations obtained by imposing additional

conditions upon stress distribution only 140
8.5. Trefftz's method 148
8.6. The geometric Love-Kirchhoff hypothesis 152
8.7. Direct integration of stresses 153
8.8. Remarks on different systems of constitutive equations 154
8.9. Mixed tensor formulation of a linear shell theory 155
8.10. Boundary conditions and periodicity conditions.

Edge effects 156
8.11. Non-linear bending theories 157
8.12. Shallow shells 158
8.13. Complex formulation in linear shallow shell theory 161
8.14. Bibliographical note 161

9 Direct theory 163

9.1. Polyhedra 164
9.2. Isometric surfaces 165
9.3. Uniqueness theorems 170
9.4. Converse statements 172
9.5. Continuous bending of surfaces 172
9.6. Infinitesimal bending 174
9.7. Associate surfaces 176
9.8. Rigidity theorems 178
9.9. Inferences from the rigidity and monotypy theorems 179
9.10. The rigid point Cosserat surface 180
9.11. The Cosserat surface 189
9.12. Constitutive equations in general 192

10 Existence of solutions of equilibrium problems 193
10.1. Classical solutions 194
10.2. Mathematical background 194
10.3. Existence of solutions of linear problems 195
10.4. Existence of solutions for shallow shells 197
10.5. Topological methods for investigating the existence of

solutions 200

11 Stability 204

11.1. General remarks on stability 204
11.2. Branching theory and bifurcation 206



viii Contents

11.3. The energy test 210
11.4. Some simple particular problems of buckling 213
11.5. General bifurcation results for shallow shells 224
11.6. An asymptotic method for the determination of the upper

critical load 233
11.7. The density of distribution of the bifurcation points of the

linearized problem 238
11.8. Post-buckling behaviour 241
11.9. Initial-value approach to the load-deformation study of

shells 243
11.10. Initial post-buckling analysis 244
11.11. Imperfection sensitivity 244
11.12. Non-stiff shells (null-load solutions) 245
11.13. Problems of dynamic stability 245

12 Error estimates 250

12.1. The sense of error estimates in shell theory 250
12.2. Methods using estimates in form of residuals 251
12.3. Pointwise bounds in boundary-value problems 253
12.4. Approximations by linear variational theories 263
12.5. Global estimates for the comparison of two shell theories with

common spaces of admissible displacements 267
12.6. Methods of small parameters 270
12.7. The three-dimensional edge effect 272
12.8. Bounds for approximate solutions 273

13 Dynamics of shells 276

13.1. Linear differential equations 277
13.2. Free vibrations 280
13.3. Asymptotic study of free vibrations 281
13.4. The central set of equations 288
13.5. Frequncy equation 289
13.6. . Bending edge effect 290
13.7. Vibration zones 294
13.8. Nodal lines 295
13.9. Spectral theorems 296
13.10. The density of the eigenfrequencies 299
13.11. Spectrum of the membrane problem 299
13.12. Wave propagation 300
13.13. Caustics 303
13.14. The inverse problem 305
13.15. Loaded shells 307
13.16. Thickness effects 308
13.17. A set of shallow shell equations for non-linear problems of

shell dynamics 308



Contents ix

13.18. A particular problem: small vibrations of a rotating
cylindrical shell 310

13.19. Non-linear vibrations of complete cylindrical shells 313
13.20. Non-linear wave processes 318
13.21. A general perturbation method for non-linear free

vibrations 318

14 Some statistical problems of sheU theory 323

14.1. Definitions and facts from probability theory and
mathematical statistics 324

14.2. Effects in linear theory 328
14.3. The problem of random pertubations 332
14.4. Probability distribution for critical loads 333
14.5. Probability of failure 333
14.6. The Fokker-Planck equation and its application to

cylindrical panels 334
14.7. Pontriagin's equation 339

References 341

Index 362


