AVERAGING METHODS IN RANDOM VIBRATION
J. B. ROBERTS

University of Sussex
School of Engineering and Applied Sciences, Falmer
Brighton, England



CONTENTS

CHAPTER ONE: AVERAGING VIBRATION PROBLEMS:

1.

SOURCES OF NON-LINEARITY, METHODS OF SOLUTION

GENERAL STATEMENT OF THE PROBLEM

1.1
1.2
1.3

THE

2.1
2.2
2.3
2.4
2.5

2.6

Linear systems
Non-linear systems
Applications

GENERAL EQUATIONS OF MOTION

Inertial forces
Restoring forces
Dissipative forces
Combined results

Linear approximation
for small amplitude motion

Equations for nonlinear motion

EXAMPLES OF NON-LINEAR CONSERVATIVE RESTORING FORCES

3.1
3.2
3.3
3.4
3.5

Motion in a gravitational field
Hydrostatic restoring forces
Geometric non-linearities
Strain-displacement non-linearities
Non-linear elasticity

EXAMPLES OF NON-LINEAR DISSIPATIVE FORCES

4.1
4.2
4.3

4.5

Material damping

Approximate modelling of material forces
Coulomb damping

Hysteretic damping

Fluid-Structure interaction

ANALYTICAL METHODS

5.1
5.2
5.3

Markov methods
Equivalent linearisation methods
Equivalent non-linearisation

page

1.9
1.10

1.11

1.11
1.14
1.14
1.16
1.21

1.26
1.29
1.29
1.30
1.36

1.38

1.45
1.46



5.4 Closure methods
5.5 Perturbation methods and functional series
5.6 Simulation

References

CHAPTER ‘IWO: THE STOCHASTIC AVERAGING METHOD

1. INTRODUCTION

2. OSCILLATORS WITH NON-LINEAR DAMPING

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8

Transformation of variables

Averaging the dissipation term

Averaging the excitation term

The Stratonovich-Khasminskii limit theorem
Application of the limit theorem

The FPK equations

Stationary solutions

" Linear-plus-power law damping

3. OSCILLATORS WITH PARAMETRIC EXCITATION

3.1 Egquations of motion
3.2 The FPK equations
3.3 Linear damping
3.4 Non-linear damping
3.4.1 Purely parametric excitation
3.4.2 Combined excitation
References

CHAPTER THREE: GENERALISATIONS AND EXTENSIONS OF

STDCHASTIC AVERAGING

1. INTRODUCTION

2. MULTI-DEGREE OF FREEDOM SYSTEMS

2.1

Applications

page

1.49
1.51
1.52

1.53

2.12
2.19
2.21
2.25
2.26
2.30

2.38
2.40
2.41
2.43
2.44
2.45

2.46



3. NON-STATIONARY EXCITATION AND RESPONSE
3.1 Non-stationary excitation of oscillators
Non-stationary exact solutions
3.3 Approximate analytical solutions
3.4 Random walk numerical method
4. AVERAGING THE ENERGY ENVELOPE
4.1 Averaging the energy dissipation term
4.2 Averaging the energy input term
Complete equation for E(t)
4.4 Stationary solution
4.5 Non-stationary solutions
4.6 Parametric excitation
4.7 Non-white excitation
References

CHAPTER FOUR: APPLICATION OF THE STOCHASTIC AVERAGING

METHOD TO THE FIRST-PASSAGE PROBLEM
INTRODUCTION
FIRST-PASSAGE STATISTICS
SPECIFIC FIRST-PASSAGE PROBLEMS
THE "EXACT" APPROACH

4.1 Diffusion equations

4.2 Boundary conditions

4.3 Exact analytical solutions

4.4 Approximate analytical solutions
4.5 Numerical solutions

STOCHASTIC AVERAGING APPROXIMATIONS

5.1 Boundary conditions
5.2 Exact analytical solutions
5.3 Semi-analytic solutions and approximations

page

3.6
3.7
3.10
3.11

3.16

3.18
3.19
3.28
3.29
3.31
3.34
3.34

4.6
4.9
4.10
4.13
4.13

4.16
4.19
4.25



5.4 Numerical solutions
5.5 Use of the energy envelope
5.6 Oscillators with parametric excitation
5.7 Non~stationary problems
6. CONCLUSIONS
References

CHAPTER FIVE: APPLICATION OF THE STOCHASTIC AVERAGING

METHOD TO SPECIFIC ENGINEERING PROBLEMS

INTRODUCTION

ROLL MOTION OF A SHIP IN RANDOM WAVES

2.2
2.3

Equation for roll motion

Application of the energy envelope method
Theoretical modelling

2.3.1 Coupling with other motions

2.3.2 Restoring moment

2.3.3 Damping moment

2.3.4 The complete equation of motion
2.3.5 Wave moment spectrum

Computing the roll distribution

2.4.1 Damping function B(E)

2.4.2 Fourier coefficients s, and c,
2.4.3 Evaluation of w(E)

2.4.4 Evaluation of DZ(E)

Experimental validation

2.5.1 Conversion to roll moment spectra
2.5.2 Standard deviation of roll response

2.5.3 Cumulative probabilities of roll
peak amplitudes

HYSTERETIC OSCILLATOR RESPONSE TO WIDE-BAND
RANDOM EXCITATION

3.1
3.2

The extended differential model
Application of the averaging method

page

4.26
4.29
4.32
4.34

4.35

4.41

5.2
5.3
5.5
5.6
5.8
5.8
5.9
5.10
5.12
5.12
5.13
5.14
5.14
5.15
5.16
5.19

5.21

5.22
5.23



3.3 Calculation of the backbone

3.4 Calculation of the area of the loop
3.5 cCalculation of T(E), C(E) and Dz(E)
3.6 The loss factor

3.7 The case =0

3.8 Comparisons with simulation results

References

page

5.25
5.26
5.27
5.29
5.29
5.31



