Charalambos D. Aliprantis
Kim C. Border

Infinite Dimensional
Analysis

A Hitchhiker's Guide

Second, Completely Revised
and Enlarged Edition

With 21 Figures
and 1 Table

) Springer




Contents

Preface to the second edition vii
Preface to the first edition iX
A foreword to the practical XVil
1 Odds and ends 1
11  Set theoretic notation . . . . . . . . . . o1
12 Relations, correspondences, and functions 2
13 A bestiary of relations . . . . . . 4
14 Equivalence relations . o o 5
15 Ordeesand such . . . . . . . . . e B
16 Numbers . . . 7
17 Real functions . . . . . 8
18 Duality of evaluation o o 9
19 Infinities . . . . . 9
110 The axiom of choice and axiomatic set theory. 11
111 Zorn'sLemma . . . . . . . 13
112 Ordinals . . . . . . 16
2 Topology 19
21 Topological spaces . . . . . . . ... 21
22 Neighborhoods and closures . . . . .~ . . . . . . . . 24
23 Densssubsets . . . . . 26
24  Nets . 27
25  Filters . . 31
26 Netsand Filters . . .~ . . . 34
2.7 Continuous functions . . . . . . . 35
28 Compactness . . . . ... 37
29 Netsvs sequences . . . . . . . . .. 4
210 Semicontinuous functions . . . . . . . 42
211 Separation properties L 44
212 Comparing topologies . . . . . . . . . . . ... . 46
213 Wesk topologies . . . . . . . . 47
214 The product topology. . . . . . . . . . . 50



Xii

Contents
215 Pointwise and uniform convergence . . . . . . . . . . . 53
216 Localy compact spaces . . . . . . . . .. 55
217 The Stone-Cech compactification . .~ . . . . . . . . . | 58
218 Stone-Cech compactification of adiscrete set = = . . . . . . | 63
219 Paracompact spaces and partitions of unity. . .~ . . . . . | 66
Metrizable spaces 69
31 Metricspaces . . . . . 70
32 Completeness = . . . . . 73
33 Uniformly continuous functions . . . . . . . . . . . . . | 76
34 Distance functions . . . . . 78
35 Embeddings and completions = . . . . . 79
36 Compactness and completeness = . . . . . . . . . 80
37 Countable products of metricspaces . . . . . . . . . . . . 84
38 The Hilbert cube and metrization . . . . . . . . . . . 85
39 The Baire Category Theorem . . . . . . . . . . . 88
310 Contraction mappings . . . . . . . .. 90
311 TheCantor set . . . . . . . . .. 93
312 TheBarespaceN™ . . . . . ... 9%
313 Uniformities . . . . . . . 102
314 The Hausdorff distance . . . . . . . . . . . .. .. . . .. 104
315 The Hausdorff metric topology. . . . . . . . . . . . . . . 107
316 Topologies for spaces of subsets =~ . . . . . . . . 114
317 The space C(X\Y). . . . 118
318 Semicontinuous functions . . . . . . ... 121
M easur ability 123
41 Algebrasof sets = . . . . . 125
42 Rings and semiringsof sets . . . . . . . . . .. 127
43 Dynkin'slemma . . . . . 131
44 - TheBord cr-dgebra . . . . . . ... 133
45 Measurable functions . . . . . . . 136
46 The space of measurable functions . .~ . . . . . . . . 137
47 Smple functions . . . . 141
48 The cr-algebra induced by a function . . . . . . . . . . 144
49 Product structures . . . ... 145
410 Caratheodory functions . . . . . . . . . . .. 150
411 Bord functions and continuity. . . . . . . . . . 154
412 TheBarecrdgera . . . . . . . . . . 156
Topological vector spaces 161
51 Linear topologies . . . . . . . . . 164
52 Absorbing and circled sets . . . . . . . . . 166
53 Convex sets . . . . . . 170
54 Convex and concave functions . . . . . . . . . . . . . 175
55 Convex functions on finite dimensional spaces . . . . . . . . . | 178



Contents Xiii

56 Sublinear functionsand gauges . . . . . . . . . .« .. 180
57 The Hahn-Banach Extension Theorem .............. 184
58 Separating hyperplane theorems =~ = . . . . . . . . . 186
59 Separation by continuous functionals . .~ . . . . . . . . 189
510 Locally convex spaces and seminorms . . . . . . . . . . . . 191
511 Separation in locally convex spaces . = . . . . . . . . 193
512 Finite dimensional topological vector spaces . = . . . . . . . . 195
513 Supporting hyperplanes and cones . .~ . . . .~ . . . . . 199
514 Dual pairs . . . . 206
515 Topologies consistent with agivendua. . . . . . . = = = = . 208
516 Polars . . . . ... 210
517 6-topologies . . . . . . . 216
518 The Mackey topology. . . . . . . . . . . . 219
519 More about support functionals .~ . . . . . . . . . . 221
520 Thestrong topology. = . . . . . . . . . 226
521 Extremepoints . . . . . . 226
522 Polytopes and weak neighborhoods . . . . . . =~ = . . . . 231
6 Normed spaces 237
6.1 Normed and Banach spaces = . . . . . . . . . . .. . 239
6.2 Linear operators on normed spaces . . . . . . . . . ... 240
6.3 The norm dual of anormed space . . . . . . . . . . . . . 245
64 The uniform boundedness principle . . . . . . . . . . . . 246
65 Wedk topologies on normed spaces . . . . . . . . . 250
66 Metrizability of weak topologies . . . . . . . . . . . . 252
6.7 Spacesof convex sets . . . . . . . . 257
68 Continuity of the evaluation . . . . . . . . . 258
69 Adjoint operators . . . . . . . 260
7 Riesz spaces 263
71 Orders, lattices, andcones . . . . . . . . .. ... 264
72 Riesz spaces . . . . 265
73 Order bounded sets . . . . . . . .. . 267
74  Order and lattice properties . . . . . . . . . . 268
75 The Riesz decomposition property. . . . . . . . . . . . 272
76 Digointness . . . . . .. 272
7.7 Riex subspaces and ideals . . . . . . . . .. 273
78 Order convergence and order continuity. . . . . . . . . . . . . 274
79 Bands . . ... 276
710 Positive functionals . . . . . . . 0L 278
711 Extending positive functionas =~ =~ . . . . . . . . . 283
712 Positive operators - . . . . . . 285
713 Topologicd Riesz spaces . . . . . . . . . . .. 287
714 The band generated by . . .~ . . . . . . 292
715 Riesz pairs . . . . . 294
716 Symmetric Riesz pairs . . . . . . . . 296



Xiv Contents
8 Banach lattices 301
81 Frechet and Banach lattices . . . . . . . . . .. . ... . 302
82 Lattice homomorphisms and isometries =~~~ = . . . . 306
83 Order continuous norms . . . . . . . .. ... 308
84 AM-and AL-spaces . . . . ... 310
85 Theinterior of the positivecone = . =~ . . . . 315
86 Thecurious AL-spaceBvo . =~ . . . . 317
87 The Stone-Weierstrass Theorem . . . . . . . . . . . . .. . . 322
88 Projections and the fixed space of an operator . .~ = . = = . . 323
89 The Bishop-Phelps Theorem . . . .~ . 326
9 Charges and measures 331
91 Setfunctions . . . . ... 334
92 Limits of sequences of measures =~ .~ . . . . . . 339
93 Outer measures and measurablesets . . . . . . . . . . . 340
94 The Caratheodory extension of a measure =~ = . . = = = = . . 342
95 Measurespaces . . . . .. 348
96 Lebesgue measure . . . . . 350
97 Product measures . . . . .. ... 352
98 Measuresonl™ . . . 353
99 Atoms . . ... 356
910 The AL-space of charges = =~ . . .~ . . . . 358
911 The AL-space of measures = . .~ . . . . . 360
912 Absolute continuity. . . . . 362
10 Measures and topology 365
101 Borel measures and regularity. . . . . . . . . ... 366
102 Regular Borel measures =~ . . . . 370
103 The support of ameasure . .~ . . . 374
104 Nonatomic Bordl measures . . . . . . . .. . 376
105 Anayticsets = . . 379
106 The Choquet Capacity Theorem . . .~ . . . 390
11 Integrals 395
111 Theintegra of a step function =~~~ . .~ . . . 39%
112 Finitely additive integration of bounded functions = = = . . = = . 399
11.3 The Lebesgue integral. =~ .~ . . 400
114 Continuity properties of the Lebesgue integral. =~ = = =~ = = = . . 405
115 The extended Lebesgue integra. =~~~ . . . . 409
116 Iterated integrals = . . . . . 411
11.7 The Riemannintegral = =~ = . . . . . . 412
11.8 The Bochner integra. =~~~ . . . 415
119 The Gel'fand integral. = =~ . .~ . . . 422

1110 The Dunford and Pettis integrals =~ . . .~ . . . . . 425



Contents XV

12 L p-spaces 427
121 Lp-norms . . . . . 428
122 Inequalities of Holder and Minkowski. . .~ . . . . . . . . . . . . . 429
123 Densesubspaces of L,-spaces . . . . . . . .. ... 432
124 Sublatticesof Ly-spaces . . . . . . . . . ... 433
125 Separable Li-spaces and measures . . . . . . . . . . 434
126 The Radon-Nikodym Theorem . . = . . . . . . . . . . . 436
127 Equivalent measures . . . . . . .. 438
128 Duasof Ly-spaces . . . . . .. . . ... 440
129 Lyapunov's Convexity Theorem . . . . . . . . . . . | LLa42
1210 Convergence in measure . . . . . . . . . 446
1211 Convergence in measure in Lp-spaces . . . . . . . . . . . . . .. 448
1212 Change of variables . .~ . . . . . . . . .. 451

13 Riesz Representation Theorems 455
131 The AM-space By(T,) and itsdua. . . . . . . . . . . . .. 456
132 The. dual of Cy(X) for normal spaces . . . . . . . . . . . . 459
133 The dual of Cc(X) for locally compact spaces . . . . . . . . . . . 465
134 Bairevs. Bord measures . . . . . . . . . 467
135 Homomorphisms between C(X)-spaces . . . . . . . . . . . . 469

14 Probability measures on metrizable spaces 473
141 Thewesk* topology on 7(X). . . . . . . . . . . . ... 474
142 Embedding X in 7(X). . . . . . . 480
143 Propertiesoi 7 (X). . . . . .. 482
144 Themany facesof 7{X). . . . . . . . . . . .. .. 486
145 Compactnessin7(X). . . . . . . . .. 487
146 The Kolmogorov Extension Theorem . . . .- . . . . . . . 489

15 Spaces of sequences 493
151 Thebasicsequencespaces . . . . . . . . . . . . .. ... ... 493
152 ThesequencespacesMM and<p . . . . . . . . . .. ... .. ... 495
153 Thesequence spaceco . . . . . . . . . . . . ... 497
154 Thesequence spacecC . . . . . . . . . . ... 499
155 Thefyspaces . . . . . . . . . 501
156 £i and the symmetric Riesz pair (£00). . . . . . . . . . . . | 505
157 Thesequence space £, . . . . . . . . . . . ... ... .. 506
158 Moreon C = ba(N). . . . . . . .. 511
159 Embedding sequence spaces . . . . . . . .. .. 514
15.10 Banach-Mazur limits and invariant measures . .~ = . . . . . . . . 518

1511 Sequences of vector spaces . . . . . . . . ... 521



XVi Contents
16 Correspondences 523
16.1 Basic definitions . . . . . .. .. 524
16.2 Continuity of correspondences . . = . . . . . . . . 526
16.3 Hemicontinuity and nets . .~ . . .~ . . . . . 532

, 164 Operations on correspondences . . . . . . . . . . .. 534
165 The Maximum Theorem . . . . . . . . . . . . . . . . . ... .. 537
166 Vector-valued correspondences = . . . . . . . . 540
16.7 Demicontinuous correspondences . = . . . . . . .. . . . 543
168 Knaster-Kuratowski-Mazurkiewicz mappings . . . . . . . . . . . 545
169 Fixed point theorems . . . . . . . . . . 548
16.10 Contraction correspondences . . . . . . . . . . . . . . 552
16.11 Continuous selectors . . . . . . . . . 553

17 Measurable correspondences 557
171 Measurability notions . . . . . . . . 558
17.2 Compact-valued correspondences as functions . . . . . . . . . . 563
173 Measurable selectors . . . . . . . .. 566
174 Correspondences with measurable graph .=~ . . . . . . . . = . 571
175 Correspondences with compact convex values . = = =~ = = = . = | 574
176 Integration of correspondences . . . . . . . . . . . . | 580

18 Markov transitions 587
181 Markov and stochastic operators . . . . . . . . . . 539
182 Markov transitions and kernels . . . . . . . .. 0 592
183 Continuous Markov transitions . . . . . . . . .. ... ... 597
184 |Invariant measures . . . . . . . ... 598
185 Ergodic measures . . . . . . 602
186 Markov transition correspondences = . . . . . . . . . .| 605
187 Random functions . . . . . . . . ... 608
188 Dilations . . . . . .. 613
189 More on Markov operators . . . . . . . . 618
1810 A note on dynamical systems . . . . . . 620

19 Ergodicity 621
191 Measure-preserving transformations and ergodicity. . . . . . . | 622
19.2 Birkhoff's Ergodic Theorem . . . . . . . | 625
193 Ergodic operators . . . . . . .. 627
References 635
Index 651





