_ Jean-Michel Muller

Nicolas Brisebarre

Florent de Dinechin
Claude-Pierre Jeannerod
Vincent Lefevre
Guillaume Melquiond
Nathalie Revol

Damien Stehlé

Serge Torres

Handbook of

Floating-Point

Arithmetic

Birkhauser
Boston ¢ Basel ¢ Berlin



SR

Contents

Preface XV

List of Figures xvii

List of Tables xxi

1 Introduction, Basic Definitions, and Standards 1

1 Introduction 3

11 SomeHistory . ... ... 3
12 Desirable Properties. . . . ... ............. e 6

13 Some Strange Behaviors . ... ... ............... 7

131 Somefamousbugs ..................... 7

132 Difficultproblems . .................... 8

2 Definitions and Basic Notions 13

21 Floating-Point Numbers . . .. ... ... ............ 13

22 Rounding. ... ... ...................... .. 20

221 Roundingmodes . ... ............... ... 20

2.22 “Useful properties . . . .......... e 22

: 223 Relativeerrorduetorounding . . ... ......... 23

23 Exceptions . .. ... .. ... ... oo, 25

24 Lost or Preserved Properties of the Arlthmetlc on the Real

Numbers . . .. ... ... .. .. 27

25 Note onthe ChoiceoftheRadix . . . . ... ........... 29

2.5.1 Representationerrors. . ... ... ............ 29

252 Acaseforradix10 ... ... ... ... ... . ..... 30

2.6 Tools for Manipulating Floating-Point Errors . . . . . ... .. 32

261 Theulpfunction . ..................... 32

2.6.2 Errors in ulps and relativeerrors . . . . ... ... ... 37

263 Anexample: iterated products .............. 37

"264 Unitroundoff . .. ... ........ P 39

27 NoteonRadixConversion . . . ... ... ............ 40



vi

Contents
271 Conditionsontheformats . . . ... ... ........ 40
272 Conversionalgorithms . . . .. ... ... ........ 43
2.8 The Fused Multiply-Add (FMA) Instruction . . . . .. ... .. 51
29 Interval Arithmetic . .. ... ... ... ... ... .. .. 51
29.1 Intervals with floating-pointbounds . . . . . . . .. .. 52
292 Optimizedrounding . . . ... .............. 52
Floating-Point Formats and Environment 55
3.1 ThelEEE 754-1985Standard . . . . .. ... ... ... ... .. 56
3.1.1 Formats specified by IEEE754-1985 . .. ... ... .. 56
3.1.2 Little-endian, big-endian . . . . ... ... ... ... .. 60
3.1.3 Rounding modes specified by IEEE 754-1985 . . . . . . 61
3.1.4 Operations specified by IEEE 754-1985 . . . . . ... .. 62
3.1.5 Exceptions specified by IEEE754-1985 . . . . . ... .. 66
: 316 Specialvalues .. ...................... 69
32 ThelIEEE 854-1987 Standard . . . . ... .. .. e 70
3.2.1 Constraints internal to a format . . . . . e 70
3.2.2 Various formats and the constraints betweenthem . . . 71

3.23 Conversions between floating-point numbers and
decimalstrings . ... ................... 72
324 Rounding . .................... ..., 73
325 Operations. . .. ...................... 73
326 Comparisons . . ...................... 74
327 Exceptions . ... ....... ... ... ... ... 74
33 TheNeedforaRevision . & .................... 74
3.3.1 A typical problem: “double rounding” . ... ... .. 75
3.3.2 Various ambiguities . ... ... .. ... ... ..., .77
34 The New IEEE 754-2008 Standard . . . . .. ... ... ... .. 79
3.4.1 Formats specified by the revised standard . . . . . ... 80
3.42 Binary interchange formatencodings . . ... ... .. 81
3.4.3 Decimal interchange format encodings . .~. . ... .. 82
344 Largerformats . ...................... 92
345 Extended and extendable precisions . ... ....... 92
34.6 Attributes . ... ... ... ... oL .93
3.4.7 Operations specified by thestandard .. ... ... .. 97
348 Comparisons . . ...................... 99
349 Conversions . . . ... ... ... ... .. 99
3.410 Default exceptionhandling . .. ............. 100
3.4.11 Recommended transcendental functions . .. ... .. 103
3.5 Floating-Point Hardware in Current Processors . . . . . . . .. 104
3.5.1 The common hardware denominator . ... .... .. 104
3.52 Fused multiply-add . ................... 104
3.5.3 Extended precision . . . ... ............... 104

3.54 Rounding e_and precisioncontrol . . . ... ... ... .. 105

VTR S S

S g i i R



Contents vii

355 SIMDinstructions . ... ... ... ..., 106

3.5.6 Floating-point on x86 processors: SSE2 versus x87 . . . 106

357 Decimalarithmetic . . . . ... .............. 107

3.6 Floating-Point Hardware in Recent Graphics Processing Units 108
3.7 Relations with Programming Languages . . . . . . ... .. .. 109
3.7.1 The Language Independent Arithmetic (LIA) standard 109

3.72 Programminglanguages . . . . ... ... ........ 110

3.8 Checking the Environment . . . . ... .............. 110
381 MACHAR ... ... ...y 111

382 Paranoia . ... . ... . ... . . o 111

383 UCBTest . . ........ ... ... 115

384 TestFloat . . .. ... ... .. ... .. . ... ..., 116

385 IeeeCC754 . . . .. . .. .. i 116

386 Miscellaneous . . . . ... ... ... L 116

Il Cleverly Using Floating-Point Arithmetic o 117
4 Basic Properties and Algorithms 119
41 Testing the Computational Environment . . . .. ........ 119
411 Computingtheradix . ... ... ............. 119

412 Computing the precision. . . . ... ....... w121

42 ExactOperations . .................... ..., 122
421 Exactaddition. .., ........... ... .. 122

422 Exact multiplications and divisions ... ... ... .. 124

43 Accurate Computations of Sums of Two Numbers . . . . . .. 125
431 TheFast2Sumalgorithm . . .. ... ... ... ..... 126

432 The2Sumalgorithm .. ... ............... 129

43.3 If we donot use rounding tonearest . . . . ... ... L0131

44 Computation of Products . ............ e 132
441 \Veltkampsplitting . ... ................. 132

4.42 Dekker’s multiplication algonthm ............ 135

45 Complex numbers. . . . .. e e 139
451 Variouserrorbounds . ................... 140

452 Error bound for complex multiplication . . . . ... .. 141

453 Complexdivision . . ... ... .............. 144

454 Complexsquareroot . .. ................. 149

5 The Fused Multiply-Add Instruction 151
5.1 The2MultFMA Algorithm . . . . ... ... .. ... ... .. 152

. 5.2 Computation of Residuals of Division and Square Root . . . . 153
53 Newton-Raphson-Based Division withanFMA . .. ... .. 155

5.3.1 Variants of the Newton-Raphson iteration . . ... .. 155




~

Contents

53.2 Using' the Newton-Raphson iteration for correctly
rounded division . . . .. ... ... L L L

5.4 Newton-Raphson-Based Square Root withanFMA . . . . ..
5.4.1 Thebasiciterations . . ... .. ... ... . ... ....
542 Using the Newton-Raphson iteration for correctly
rounded squareroots . . . . .. ... ... ... ...

5.5 Multiplication by an Arbitrary-Precision Constant . . . . . . .
5.5.1 Checking for a given constant C if Algorithm 5.2 will
alwayswork . . . . ... Lo Lo Lo

5.6 Evaluationof the ErrorofanFMA . .. ... ... .......
5.7 Evaluation of IntegerPowers . . ... ..............

Enhanced Floating-Point Sums, Dot Products, and Polynomial
Values

6.1 Preliminaries . . . . . . . . . .. e e e

6.1.1 Floating-point arithmeticmodels . . . . . ... ... ..
6.1.2 Notation for error analysis and classical-error estimates
6.1.3 Properties for deriving running errorbounds . . . . . .
6.2 Computing Validated Running Error Bounds . . . . . ... ..

6.3 Computing Sums More Accurately . . . .. ... ... .....

6.3.1 Reordering the operands, and abitmore ... ... ..
632 Compensatedsums. ... ............. e
6.3.3 Implementing a “long accumulator” . . . . .. ... ..
6.3.4 On the sum of three floating-point numbers . . . . ..
6.4 Compensated DotProducts . . . .................
6.5 Compensated Polynomial Evaluation . .. ...........

Languages and Compilers

71 APlaywithMany Actors . . ...................
7.1.1 Floating-point evaluation in programming languages .
7.12  Processors, compilers, and operating systems . . . . . .
7.1.3 Inthe hands of the programmer .. ... ... .....

7.2 Floating Pointinthe CLanguage . .. ... ... ........
721 Standard C99 headers and IEEE 754-1985 support . . .
722 Types . ........ e
723 Expressionevaluation . ..................
724 Codetransformations . .. ................
7.2.5 Enabling unsafe optimizations . .. ... ... ... ..
72.6 Summary: a few horror stories . . . ... ... ... ..

7.3 Floating-Point Arithmetic in the C++ Language . . . . . . . ..
731 Semantics . . . . .. .. e e e
732 Numericlimits . ... ...................
733 Overloaded functions . . ... ..............

7.4 FORTRAN Floating Pointina Nutshell . ... ... ......

168
171

172
175
177

181
182
183
184
187
188
190
190
192
199
199
201
203

205
205
206
208
209
209
209
210
213
216
217
218
220
220
221
222
223

PR N

T SR NI U PUL



Contents ix

741 Philosophy. .. ... ... ... ... ... ... ... .. 223

742 IEEE754supportin FORTRAN . . .. ... ... . ... 226

75 JavaFloating PointinaNutshell . ... ............. 227

: 751 Philosophy. ... .. .......... .. ... 227

752 Typesandclasses . ... .................. 228

753 Infinities, NaNs, and signed zeros . . ... ....... 230

754 Missingfeatures. . .. ... ... ........ e 231

755 Reproducibility . .. ....... ... [P 232

7.5.6 The BigDecimal package .................. 233

7 6 Conclusion . . . .. ... ... e 234

III Implementing Floating-Point Operators 237

8 Algorithms for the Five Basic Operations 239

8.1 Overview of Basic Operation Implementation . . . . . ... .. 239

8.2 Implementing IEEE 754-2008 Rounding . . . . 7. ... .. .. 241
82.1 Rounding a nonzero finite value with unbounded

exponentrIange . . . . . .. ... e e 241

822 Overflow. . ... ... ... ... ... ... 243

8.2.3 Underflow and subnormalresults . . ... ... .... 244

824 Theinexactexception . .................. 245

8.2.5 Rounding for actual operations . . . . . ... ... .. 245

8.3 Floating-Point Addition and Subtraction . . . . .. ... .. .. 246

' 8.3.1 Decimal addition . .. . .. .. e 249

8.3.2 Decimal addition using binary-encoding . ... .. .. 250

8.3.3 Subnormal inputs and outputs in binary addition . . . 251

8.4 Floating-Point Multiplication . .. ... ............. 251

841 Normalcase . .. ...................... 252

842 Handling subnormal numbers in binary multiplication = 252

843 Decimalspecifics . ... ........... e 253

85 Floating-Point Fused Multiply-Add . . ... ... ... .... 254

8.5.1 Case analysis for normalinputs. . .. ... ... .... 254

852 Handlingsubnormalinputs . . . ... .......... 258

85.3 Handling decimalcohorts . . . . ... .......... 259

8.5.4 Overview of a binary FMA implementation . . . . . . . 259

8.6 Floating-Point Division . . . . ... ... ............. 262

8.6.1 Overview and special cases . . . . . S 262

8.6.2 Computing the significand quotient . . . . ... .. .. 263

8.6.3 Managing subnormalnumbers . . .. ... ....... 264

8.64 Theinexactexception ... ................ 265

8.6.5 Decimal specifics . .. ...... e 265

8.7 Floating-Point SquareRoot. . . . .. ............... 265

8.7.1 Overview and specialcases . . . ... .......... 265




Contents

8.7.2 Computing the significand squareroot ... ... ...
8.7.3 Managing subnormalnumbers . ... . .. ... ... ..
8.74 Theinexactexception . ..................
875 Decimalspecifics . . ... ... ..... .. ... ...

9 Hardware Implementation of Floating-Point Arithmetic

9.1

9.2

9.3

94

9.5

9.6

9.7

Introduction and Context . . .. ... .. e
9.1.1 Processorinternal formats . . . . ... ... .. ... ..
9.1.2 Hardware handling of subnormal numbers . . . . . . .
9.1.3 Full-custom VLSI versus reconfigurable circuits . . . .
9.1.4 Hardware decimal arithmetic . . . . ... ... ... ..
915 Pipelining . ... ... ... ... .. L. ...
The Primitivesand TheirCost . . . . . ... ... ... .....
921 Integeradders. ... ....................
9.2.2 Digit-by-integer multiplication in hardware . . . . . . .
9.23 Using nonstandard representations of numbers
9.2.4 Binary integer multiplication . . . .. R
9.25 Decimal integer multiplication . . ... ...... ...
926 Shifters . . ... ... L
9.2.7 Leading-zerocounters . . ... ..............
9.2.8 Tables and table-based methods for fixed-point
function approximation . . ... .......... ...
Binary Floating-Point Addition . . ... ... ... ... I
931 Overview . ... .. ... ... . ... . .. .. .. ...
9.3.2 A first dual-path architecture . . . . ... ... ... ..
9.3.3 Leading-zero anticipation . . ... .. ... ... ...
9.3.4 Probing further on floating-pointadders . .. ... ..
Binary Floating-Point Multiplication ". . . . . .. ... ... ..
9.4.1 Basicarchitecture . . . ... ... .............
942 FPGA implementation . . . ... ............ -

9.4.3 VLSl implementation optimized for delay.. . . . . . . .
944 Managingsubnormals . . . .. ... .. .. ..... ..
Binary Fused Multiply-Add . . . . ... .............
951 Classicarchitecture ~ . . . ... ... .. ... ......
952 Toprobefurther. .. ... .................
Division . .. .... . ... ... e

9.6.1 Digit-recurrence division . ... .. ... ........
9.6.2 Decimaldivision .. ................. ...
Conclusion: Beyond the FPU . . ... ... ... ........
9.7.1  Optimization in context of standard operators . . . . .
9.7.2 Operation with a constantoperand . . . . . .. ... ..
9.73 Blockfloatingpoint. . . . ... .... .. .. ......
9.74 Specific architectures for accumulation . ... ... ..
9.75 Coarser-grainoperators . . .. ..............

286

288

288
289
291
295

296

296
296
298

L e

i i R RTINS

PR SOV PR S

et ki o s



Contents xi

98 ProbingFurther . . ... ... ................... 320
10 Software Implementation of Floating-Point Arithmetic 321
10.1 ImplementationContext . . . ... ... .. ............ 322
10.1.1 Standard encoding of binary floating- pomt data . ... 322
10.1.2 Available integer operators . . . ... ... ... .... 323
10.1.3 Firstexamples . . . . . ... ... ... ... ..., 326
10.1.4 Design choices and optimizations . . ... ....... 328
10.2 Binary Floating-Point Addition . . ... ... ... ... .... 329
' 10.2.1 Handlingspecialvalues . . ... ... .......... 330
10.2.2 Computing the signof theresult . . . ... ... .... 332
10.2.3 Swapping the operands and computing the alignment
shift. . ... ... 333
10.2.4 Getting the correctly rounded result . . .. ... .. .. 335
10.3 Binary Floating-Point Multiplication . . . .. ... ... .. .. 341
10.3.1 Handlingspecialvalues . . ... ... .......... 341
10.3.2 Sign and exponent computation . . . . . e 343
10.3.3 Overflow detection . . . . . ... ... .......... 345
10.3.4 Getting the correctly roundedresult . . ... ... ... 346
10.4 Binary Floating-Point Division . . ... ......... ... 349
~ 104.1 Handlingspecialvalues . . .. .............. 350
10.4.2 Sign and exponent computation . . . ... ... .. .. 351
104.3 Overflowdetection . . . .. ... ............. 354
10.4.4 Getting the correctly joundedresult . . .. ... .. .. 355
10.5 Binary Floating-Point SquareRoot . .. ... .......... 361
© 10.5.1 Handlingspecialvalues . . ................ 362
10.5.2 Exponent computation . . . . .. ... ... ... .. .. 364
10.5.3 Getting the correctly roundedresult . . ... ... ... 365
IV Elementary Functions - 373
11 Evaluating Floating-Point Elementary Functions 375
11.1 Basic Range Reduction Algorithms . . . ... ... . ... ... 379
11.1.1 Cody and Waite’s reduction algorithm . . . . . . .. .. 379
11.1.2 Payne and Hanek’s algorithm . . . . . ... ... .. .. 381
11.2 Bounding the Relative Error of Range Reduction . . . . . . .. 382
- 11.3 More Sophisticated Range Reduction Algorithms . . . . . . .. 384
1131 An example of range reduction for the exponential
function . .. ... ... .. L 386
11.3.2 An example-of range reduction for the logarithm . . . 387
- 11.4 Polynomial or Rational Approximations . . . ... ... .. .. 388
1141 L2case . . . v 389

11.4.2 L°°, or minimaxcase . . . . . . R PP 390




 xii Contents

114.3 "Truncated” approximations . ... ........... 392

115 Evaluating Polynomials . . . ... ... ... .......... 393

11.6 Correct Rounding of Elementary Functions to binary64 . . . . 394
11.6.1 The Table Maker’s Dilemma and Ziv’s onion peeling

strategy . ... ... Lo 394

11.6.2 WhentheTMDissolved. . . . ... ... ... .. ... 395

11.6.3 Roundingtest . . . .. .. ... ......... .. ... 396

11.6.4 Accuratesecondstep . . . ... ... ... ..... ... 400

11.6.5 Error analysis and the accuracy/performance tradeoff 401

11.7 Computing ErrorBounds . . . . ... ... ... . ... .. .. 402

11.7.1 The point with efficientcode . . . ... ... ... ... 402

11.7.2 Example: a “double-double” polynomial evaluation . . 403

12 Solving the Table Maker’s Dilemma 405

121 Infroduction . . ... ..o oo 405

12.1.1 The Table Maker’s Dilemma . . . . . . . e 406

12.1.2 Brief history of the TMD . . . . . e e 410

12.1.3 Organization of thechapter . . . ... . ... ... ... 411

12.2 Preliminary Remarks on the Table Maker’s Dilemma . . . . . 412

12.2.1 Statistical arguments: what can be expected in practice 412
12.2.2 In some domains, there is no need to find worst cases . 416
12.2.3 Deducing the worst cases from other functions or

domains .. ...... ... ... ... ... 419

12.3 The Table Maker’s Dilemma for Algebraic Functions . . . . . . 420

12.3.1 Algebraic and transcéndental numbers and functions . 420

- 12.3.2 The elementary case of quotients . . . . .. ... .. .. 422

1233 Around Liouville’s theorem . . . . . ... ........ 424
12.3.4 Generating bad rounding cases for the square root

using Hensel 2-adiclifting . . . . ... ... ......., 425

12.4 Solving the Table Maker’s Dilemma for Arbitrary Functions . 429
12.4.1 Lindemann’s theorem: application to some

transcendental functions . . . .. ... ... L 429

12.4.2 A theorem of Nesterenko and Waldschmidt . . . . . . . 430

12.4.3 A first method: tabulated differences . . . . . . . .. .. 432
12.44 From the TMD to the distance between a gnd and a

SEGMENE . . . v v 434

12.4.5 Linear approximation: Lefevre’s algorithm . . . .. .. 436

1246 TheSLZalgorithm . ... ... .............. 443

12.4.7 Periodic functions on large arguments . . . . ... ... 448

125 SomeResults . . . .. . ... L L L oo 449
125.1 Worst cases for the exponential, logarithmic,

trigonometric, and hyperbolic functions . . . . . . . . . 449

12.5.2 A special case: integer powers . . .. ... ....... 458

12.6 Current Limits and Perspectives . . . . . ... ... ... ... 458




N

Contents ' xiii
V Extensions 461
13 Formalisms for Certifying Floating-Point Algorithms 463
13.1 Formalizing Floating-Point Arithmetic . . . . ... ... .. .. 463
13.1.1 Defining floating-point numbers . . . ... ... .. .. 464
13.1.2 Simplifying the definition . . .. ... ... ... .... 466
13.1.3 Defining rounding operators . . ... ... ....... 467
13.14 Extendingthesetof numbers . ... ........... 470
13.2 Formalisms for Certifying Algorithmsby Hand . . . . . . . .. 471
13.21 Hardwareunits . . . . . . . . . . . v v v v v v v .. 471
13.2.2 Low-levelalgorithms. . . . ... ............. 472
13.23 Advanced algorithms . ... ............... 473
13.3 AutomatingProofs . .. ... ....... ... .. oL 474
13.3.1 Computingonbounds . . . ... ... ... ....... 475
13.3.2 Counting digits . . . . . . . e e 477
13.3.3 Manipulating expressions . . . . ... ... ....... 479
13.3.4 Handling the relativeerror ... ... .. T 483
134 UsingGappa . . . . .. v v v v i 484
13.4.1 Toy implementationofsine . ... ............ 484
13.4.2 Integer division on Itanium . . . ... ... ... . ... 488
14 Extending the Precision ‘ 493
14.1 Double-Words, Triple-Words... . . ... ... ... ... .... 494
14.1.1 Double-word arithmetic . . . .. ... ... .... ... 49
14.12 Static triple-word arithmetic. . . . .. ... ... .. .. 498
14.1.3 Quad-word arithmetic . . . ... ... ... ....... 500
14.2 Floating-Point Expansions . . . . . . . B 503
14.3 Floating-Point Numbers with Batched Additional Exponent . 509
14.4 Large Precision Relying on Processor Integers . . . . . . .. .. 510
14.41 Using arbitrary-precision integer arithmetic for
arbitrary-precision floating-point arithmetic . . .. .. 512
1442 A brief introduction to arbitrary-precision integer
arithmetic . . .. .......... ... .. ... .. 513
VI ' Perspectives and Appendix 517
15 Conclusion and Perspectives 519

16 Appendix: Number Theory Tools for Floating-Point Arithmetic 521

16.1 Continued Fractions . . ... ... ... . ... .. ... .... 521
16.2 The LLL Algorithm . . .« . . . ... ............... 524
Bibliography . 529

Index 567




