Theories
of elastic plates

Vladimir Panc

Technical University in Prague
Building Research Institute

Noordhoff
International Publishing

Leyden M

Technische Hodhschule Darmstadt
Fachbereich Mechanik

Bibligthek
Iv\c'v.'-Nr Biv] 0]2/7‘6

Academia

Publishing House of
the Czechoslovak
Academy of Sciences
Prague



Contents

Preface to the Czech edition XIII
Preface to the English edition ’ - XVII
Notations ’ XIX
1 Basic relations in theories of elastic plates : 1
PART 1

Isotropic rectangular plates.

2 Differential equations of the component theory 13
2.1 Summary of basic equations 26
2.2 Transformation of basic equations for resultant quantities 29
2.3 Some special cases . 31
3 The Reissner plate theory ) 34
3.1 Summary of governing equations 39
3.2 Neglecting transverse contraction in the Reissner theory 41
4 Refined theory of Hencky 42
4.1 Summary of governing equations 49

4.2 Modification of the Hencky theory based on more accurate displacement
functions 51
5 Refined theory of Kromm 54
5.1 Bending state ) 58
5.1.1 Cases p = const., p = 0. Comparison with the component theory 62
5.1.2 Case of a general harmonic load 68
5.1.3 Particular solution for a general non-harmonic load 70

5.1.4 Comparison with the second approximation of the component theory 72



8

\Z!

CONTENTS

5.2 Antisymmetric stress state of the plate without deflections :
5.2.1 Comparison with the third approximation of the component theory
5.3 Satisfaction of Kromm’s equations in their integral form

Generalized theory

6.1 Summary of governing equations
6.2 Process of solution
6.3 Comparison with other refined theories

Boundary conditions

7.1 Boundary conditions in refined theories
7.1.1 Free edge
7.1.2 Simply supported edge
7.1.3 Elastically supported edge
7.1.4 Built-in edge
7.1.5 Elastically built-in edge
7.1.6 Continuous plate
7.1.7 Elastically supported continuous plate
7.1.8 Continuous plate on elastically rotating supports
7.1.9 Curvilinear edge ‘

7.2 Boundary conditions leading to integration problems of the fourth order

7.2.1 Basic relations for resultant quantities of the second approximation
of the component theory

7.2.2 Basic relations for particular solutions defined by the generalized
theory

7.2.3 Free edge

7.2.4 Simply supported edge

. 7.2.5 Built-in edge

Bending of long rectangular plates to a cylindrical surface

8.1 General solution following from the component theory
8.1.1 Cantilever
8.1.2 Strip with simply supported edges
8.1.3 Strip with built-in edges
8.1.4 Strip with one edge simply supported and other edge built-in
8.1.5 Continuous plate strip
8.2 General solution following from the generalized theory
8.2.1 Cantilever
8.2.2 Strip with simply supported edges
8.2.3 Strip with built-in edges
8.2.4 Strip with one edge simply supported and other edge built-in
8.2.5 Continuous plate strip

78
82
84

88

93
94
95

97

97

98

99
100
101
102
105
105
106
106

109

109

111
113
115
116

118

119
126
136
141

‘146

152
164

177

180
181
183
186



CONTENTS

9 Solution of the boundary value problem for a rectangular plate

10 Plate with two opposite edges simply supported

10.1

10.2

10.3

11 Free

1.1

11.2

Bending by moments distributed along one simply supported edge

10.1.1 Deformation symmetrical with respect to both coordinate axes

10.1.2 Deformation symmetrical with respect to the x-axis and antisym-
metrical to the y-axis

10.1.3 Deformation symmetrical with respect to the y-axis and antisymmetri-
cal to the x-axis

10.1.4 Deformation antisymmetrical with respect to both coordinate axes

Bending by moments distributed along one free edge

10.2.1 Deformation symmetrical with respect to both coordinate axes

10.2.2 Deformation symmetrical with respect to the y-axis and antisym-
metrical to the x-axis *

10.2.3 Deformation symmetrical with respect to the x-axis and antisym-
metrical to the y-axis ‘

10.2.4 Deformation antisymmetrical with respect to both coordinate axes

Bending by shearing forces distributed along one free edge

10.3.1 Deformation symmetrical with respect to both coordinate axes

10.3.2 Deformation symmetrical with respect to the y-axis and antisymmetri-
cal to the x-axis .

10.3.3 Deformation symmetrical with respect to the x-axis and antisym-
metrical to the y-axis

10.3.4 Deformation antisymmetrical with respect to both coordinate axes

rectangular plate

'

Bending by moments distributed along the edges

11.1.1 Deformation symmetrical with respect to both coordinate axes
11.1.1.1 Influence of the boundary moment distribution and of the
thickness on deflections of a square plate. Numerical com-
parison
11.1.2 Deformation symmetrical with respect to the x-axis and antisym-
metrical to the y-axis
11.1.3 Deformation symmetrical with respect to the y-axis and antisym-
metrical to the x-axis
Bending by twisting moments distributed along the edges

11.2.1 Deformation antisymmetrical with respect to both coordinate axes
11.2.1.1 Influence of the distribution of boundary twisting moments
and of the plate thickness
11.2.2 Deformation symmetrical with respect to both coordinate axes
11.2.2.1 Influence of plate thickness on deflections

197

207

207
208

218

226
233

239
239

243

245
250

252
252

253
256
256
262

262
264

269
282

285
289
291

294

298
302

VII



CONTENTS

12 Simply supported plate subjected to boundary bending moments 304
12.1 Deformation symmetrical with respect to both coordinate axes 304
12.1.1 Influence of plate thickness on the maximum deflection. Comparison
with the classical theory 308
12.2 Deformation symmetrical with respect to the x-axis and antisymmetrical
to the y-axis : 311
12.3 Deformation symmetrical with respect to the y-axis and antisymmetrical
to the x-axis 315
12.4 Deformation antisymmetrical with respect to both coordinate axes 319
13 Completely simply supported plate under distributed loading .. 324
13.1 Solution according to the component theory ’ 324
13.1.1 Square plate. Influence of the plate thickness and of the number
of terms considered 329
13.2 Solution according to the generalized theory 339
13.2.1 Square plate 350
14 Completely built-in plate under distributed loading 357
14.1 Solution according to the component theory 357
14.1.1 Square plate. Influence of the plate thickness. Comparison with the
classical theory 361
14.2 Solution according to the generalized theory 371

15 Plate with two opposite edges simply supported and the other two edges free under

a continuous load 375
15.1 Solution according to the component theory 375
15.2 Solution according to the generalized theory 380

16 Plate with two opposite edges simply supported and the other two edges built-in

under a continugous load o 384

16.1 Solution according to the component theory 7 384

16.2 So]ut'ion according to the generalized theory i 387
PART II

Orthotropic rectangular plates

17 Differential equations of the component theory. Case H = (K,‘I(y)l/2 393

17.1 Summary of governing equations 405

VIII



CONTENTS

17.2 Transformation of governing equations for resultant quantities 408

17.3 Transformation of coordinates 412
18 Generalized theory 414
18.1 Summary of governing equations 422
18.2 Governing equations for the case H = (le(y)”2 424
19 Refined theory developed by K. Girkmann and R. Beer 429
19.1 Summary of governing equations 435

19.2 Neglect of transverse contraction. Comparison with the generalized theory 436
19.3 Governing equations for the case H = (K, K )1/2 Comparison with the com-
ponent theory . ' -, 438

20 General solution of the boundary value problem accordmg to the component

theory - 3 . 440
21 Orthotropic rectangular plate under a continuous load 452
21.1 Cantilever 462
21.2 Plate with one edge built-in, the opposite edge free, and the other edges simply
supported 467
21.3 Plate with three edges built-in and one edge free 468
21.4 Plate with one edge built-in, the opposite edge free, and the other edges
elastically built-in . 469
21.5 Plate with three edges simply supported and one edge free 470
21.6 Plate with one edge simply supported, the opposite edge free, and the other
edges built-in 471
PART III

v

Isotropic circular plates

22 Differential equations of the component theory in cylindrical coordinates 475
22.1 Summary of governing equations 486
22.2 Transformation of governing equations for resultant quar}tities 489
22.3 Alternate method of derivation of governing equations 493

23 Generalized theory of circular plates ) 497
23.1 Procedure of solution 503
232 Case Ap=0 503

IX



CONTENTS

24 Rotationally symmetrical bending | 506
24.1 General solution of governing equations 508
24.2 Particular solutions for some continuously distributed loads 512

25 Circular plates under rotationally symmetrical loads 517
25.1 Bending by moments uniformly distributed along the edge 518

25.2 Uniformly loaded circular plate 519

25.2.1 Simply supported edge ‘ 520

25.2.2 Absolutely built-in edge 522

25.2.3 Elastically built-in edge . 525

25.3 Circular plate under a partial uniform load ’ . 526

25.3.1 Simply supported edge ' 529

25.3.2 Built-in edge . 532

26 Annular platés under rotationally symmetrical loads 535
26.1 Simply supported outer edge 536
26.2 Both edges simply supported 543
26.3 Both edges built-in ' 547

27 General solution of governing equations of the component theory for loads

distributed according to the law p,(e) sin n¢ 549
27.1 Formulae for differentiation of modified Bessel functions 557
272 Casen=1 559
27.3 Case n = 2 565

28 Antisymmetrical bending of a circular plate under the load yg sin ¢ 572
28.1 Simply supported edge _ 575
28.2 Built-in edge , : 576
28.3 Elastically built-in edge © 576

PART 1V

Circular plates on elastic foundation under rotationally symmetrical loads

29 Governing equations of the component theory . 581
29.1 Introduction of a new dimensionless variable 582
29.2 General solution of the governing equation - 584

29.2.1 Case x < 1 585



30

31

32

33

CONTENTS

2922 Case x = 1
29.2.3 Case x > 1

29.3 Two-parameter elastic foundation - !

Auxiliary formulae for Bessel functions

30.1 Functions of complex arguments
30.2 Functions of pure imaginary arguments

Functions expressing the general solution of the homogeneous problem

31.1 Case x < 1
312 Case x = 1
31.3 Case » > 1

Fundamental solution

321 Case x < 1

32.1.1 Infinite plate under a concentrated load

32.1.2 Load uniformly distributed along a circle

32.1.3 Load uniformly distributed over an annular surface

32.1.4 Load uniformly distributed over a circular surface
322 Case x = 1 ,

32.2.1 Infinite plate under a concentrated load

32.2.2 Load uniformly distributed along a circle

32.2.3 Load uniformly distributed over an annular surface

32.2.4 Load uniformly distributed over a circular surface
32.3 Case % > 1

32.3.1 Infinite plate under a concentrated load

32.3.2 Load uniformly di§tributed along a circle

32.3.3 Load uniformly distributed over an annular surface

32.3.4 Load uniformly distributed over a circular surface
32.4 Effect of the parameter x on deflection of an infinite plate under a concentrated

load

Compensating solution

33.1 Circular plate

33.1.1 Free edge
33.1.1.1 Case x << 1
33.1.1.2 Case x = 1
33.1.1.3 Case »x > 1

33.1.2 Simply supported edge
33.1.2.1 Case » << 1
33122 Case x =1
33.1.2.3 Case x > 1

588
590

591

592

592
597

600

600
606
608

613

613
613
616
621
622
626
626
627

630

631
633
633
635
637
639

641

644

644
645
645
646
647
648
648
649
650

XI



CONTENTS

33.1.3 Built-in edge
33.1.3.1 Case % << 1
33.1.3.2 Case x = 1
33.1.3.3 Case x > 1

33.2 Infinite plate with a circular hole
33.3 Annular plate
34 Numerical example

341 Case x = 0

34.2 Case » = 0.17365

343 Case x = 1.0

34.4 Case x = 2.125 -

Bibliography
_ Author index

Subject index

XII

651
651
651
652

653
653
655

655
658
662
664

705
708
709



