FIRST-ORDER LOGIC
AND AUTOMATED
THEOREM PROVING

Second Edition

© Springer



Contents

Preface vii
Preface to the Second Edition ~ xi
1 Background 1
2 Propositional Logic 9
2.1 Introduction . .. ... ... ... ... 9
2.2 Propositional Logic—Syntax . . .. ... .. ... . ... 10
2.3 Propositional Logic—Semantics . .. ... ... .. ... 14
2.4 Boolean Valuations . ... ... .............. 16
2.5 The Replacement Theorem . . . .. ... ......... 20
2.6 Uniform Notation . ..................... 23
2.7 Kénig'sLemma . ... ................... 26
28 NormalForms ... .. .......... .. ....... 27

2.9 Normal Form Implementations . . . . ... ... .. ... 35



Xiv

Contents

3 Semantic Tableaux and Resolution
3.1 Propositional Semantic Tableaux . . . . ... ... . ...
3.2 Propositional Tableaux Implementations . .. ... ...
3.3 Propositional Resolution ... . . ... ... ... .....
34 Soundness . . . ... ...
3.5 Hintikka’s Lemma . . .. .. ... ... ..........
3.6 The Model Existence Theorem . . . . ... ... .....
3.7 Tableau and Rqsolution Completeness . . . . ... .. ..
3.8 Completeness With Restrictions . . . ... ... .....

3.9 Propositional Consequence . . . ... ... ........

4 Other Propositional Proof Procedures

4.1 Hilbert Systems . . .. ... ... ... ... ...
4.2 Natural Deduction . . . . . .......... ... ...
4.3 The Sequent Calculus . . . . ... ... ... .......
4.4 The Davis-Putnam Procedure . ... ... ........

4.5 Computational Complexity . . ... ... ... ... ...

5 First-Order Logic

5.1 First-Order Logic—Syntax . . .. ... ..........
5.2 Substitutions . . . .. ... ... Lo
5.3 First-Order Semantics . . . . . . ... ... ... .....
54 Herbrand Models. . . .. ... ... .. ..........
5.5 First-Order Uniform Notation . ... ... ... ... ..
5.6 Hintikka’s Lemma . . .. ... ... ... ... ......
5.7 Parameters . . .. ... .. ... ... ..., .
5.8 The Model Existence Theorem . . . . ... ........
59 Applications . . ... ... .. ... ... ...

5.10 Logical Consequence . . .. . . . . . . ...« .......

41
41
47
51
55
38
59
64
69
74

(4
(4
86
92
98
104



Contents XV

First-Order Proof Procedures \ 137
6.1 First-Order Semantic Tableaux . . . . .. ... ... ... 137
6.2 First-Order Resolution . ... ............... 141
6.3 Soundmess . ... ... ... ... 142
6.4 Completeness . . . . . . ... ... ... oL 143
6.5 Hilbert Systems . ... .. e e e e e e e e e e 146
6.6 Natural Deduction and Gentzen Sequents . . . . . . . .. 149
Implementing Tableaux and Resolution " 151
71 What Next . . . . ... ... .. ... 151
7.2 Unification . . .. ... .. ... ... ... ... 152
7.3 Unification Implemented . . . ... ... ......... 161
7.4 TFree-Variable Semantic Tableaux . . . . . . .. ...... 166
7.5 A Tableau Implementation . . ... ............ 169
7.6 Free-Variable Resolution . ... ... ........... 184
7.7 Soundness . . ... ... ... ... 188
7.8 Free-Variable Tableau Completeness . . . . ... ... .. 191
7.9 Free-Variable Resolution Completeness . . . .. ... .. 196
Further First-Order Features 203
8.1 Imtroduction .. .. .. B 203
8.2 The Replacement Theorem . . . ... ... .. ... v .. 203
8.3 Skolemization . .. ...... .. ... . ... ... 206
84 PrenexForm . ... ... ... .. ... ... ... 209
85 The AE-Calculus ... ................... 212
8.6 Herbrand’é Theorem . . . . . ... ... ... .. ..... 215
8.7 Hérbra.nd?s Theorem, Constructively . . . . .. ... ... 221
8.8 Gentzen’s Theorem .. ... ................ 225
8.9 Cut Elimination . ... ... ................ 228
8.10 Do Cuts Shorten Proofs? . . .. ... ... ... ..... 243
8.11 Craig’s Interpolation Theorem . . ... ... ... .... 254
8.12 Craig’s Interpolation Theorem—Constructively . . . . . . 257
8.13 Beth’s Definability Theorem . . . .. ... ... ... .. 263

8.14 Lyndon’s Homomorphism Theorem . ...... ... .. 266



xvi

Contents

9 Equality
9.1 Introduction . ............. ... ... . ...
9.2 Syntax and Semantics . . . . ... ... .. 0
9.3 The Equality Axioms . .. ... ..............
9.4 Hintikka’'s Lemma . . . ... ... ... ... ... ...
9.5 The Model Existence Theorem . . . ... .........
9.6 Consequences. . ... ....................
9.7 Tableau and Resolution Systems . . . . .. ........
9.8 Alternate Tableau and Resolution Systems . . ... ...
9.9 A Free-Variable Tableau System With Equality . . . . . .
9.10 A Tableau Implementation With Equality . . . . . . . . .

9.11 Paramodulation . ... . ... ... ... ... ......
References

Index

271
271
273
276
279
284
285
288
294
298
305
312

315

319



